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1.

Introduc tion

This report on the past contract period (January 1974 through
December 1976) presents but a small part of the overall research effort

carried out under the sponsorship of the Air Force covering a period of

almost twenty years. A romple te listing of the related reports and

publicat ions can be found in an appendix to the present report.

During the past contrac t, emphasi s has been placed upon problems

concerned with the buckling, postbuckling , and vib rat ions of ri ngs and

cyl indrica l shells of variable curvature . Some work was also performed

on reinforced spherica l and noncfrcular cy lindrica l shells. The l ist of

references at the end of this report represents reports , publications ,

talks , and theses prepared dur i ng the course of the contract period .

The wri ter would like to take this opportunity to thank those authors
whose names appear on this list, particularl y, Dr . V. N. Chen as well
as Professor B. Erickson , for the i r i nva l uable contrib ut ions to the

work performed. He would also like to acknowledge the financial

assistance provided by the AFOSR throughout the course of the studies

si.mimsrized herein.
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*
Buckl ing and Postbuck ling of Ova l Cylindr i ca l Shells (1, 8, 10):

Buckling and i n it ial pos tbuckling of an ova l cylindrica l shell
under pure bending and under combined uniform ax ial compression and
bending was investigated in order to asce rtain the behavior of such a
shell under comb i ned loads (1). The first and second order stability

equations were developed from the Donnell-type equations , which were
shown to be appropria te. The solution of these two sets of equations

were used to determine , respectively , the buckl ing characteristics and

a “sensi tivity parameter”. The buckling loads were found to be in

good agreement with the engineering approx imation based upon the assu.ription

that buckl i ng occurs when the loca l axial stress equals that correspond-

ing to the classical buckling stress of a locall y equivalent c ircular

cyl i ndr ica l shell under uniform axial compression . Results also showed

that an oval cy linder can be stronger or weaker than the equivalent

c i rcular cy linder depend i ng upon the orientation of the coup les.

However , in any case the ova l shell was found to be quite sensitive to

imperfectIons; the greater the load carrying capacity, the greater the

sensitiv ity. Furthermore , In contrist to the behavior of the circular

and weak ova l cylinders , it was found that buckl i ng of the strong oval

cyli nder need not initiate at the position of maximum compressive stress.

This research was also extended to bifurcation type of buckling

ana l ysis of ova l cylinders under the comb i ned action of un i form compressive

end thrust and term i na l bending couples with arbitrary orientation (8).
I n this work the classica l stability problem was formulated and solved .

Computation of the critical interacting loads was performed for a

series of orientation angles 6; viz., B = 0
0
, 20, 100, 150, 300 450

and 900, where B represents the angle the bend i ng moment vector makes

with the minor axis of the ova l cross section . Al l  calc u la t ions cover
the entire range of the ova l eccentricity parameter , which corresponds

to the major-m i nor axes ratio in the range of 1.0 to 2.06. Both symetric

and antis’~iiinetric modes of deformatIon were needed , and they were taken
into account. Weak coupling between the two types of modes was found to

exist. The numerica l results obtaine d were ana l yzed and , as expected ,

the orIentation angle B was found to have an important influence on the
0buckl ing loads , Inasmuch as 

~ 
0 corresponds to the strong bend i ng

mode , wh i le B = 900 corresponds to the weak mode. Moreover , It was

* Numbers in brackets refer to listings under the section in Reports

and Publications.
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shown that an interpretation of the results can be ~,iewed in the light

of a pract ica l engineering point of view. Essentiall y, the tota l axial

compressive stress of an ova l shell , at the point where buckles initiate ,

is found to be close to that of the linear buckling stress of an

ax ially compressed circular cy li nder whose thickness-to-radius ratio

equals the corresponding local value at the buckling points of the ova l .

Such a simple engineering model for the estimation of the characteristic

parame ters , wh ich was found applIcable to simp ler loading conditions In

earlier studies in this program , once again proved to be justifiable
in the general case of ova l shells subjected to nonsymetric, nonuni form

load i ng.

Reinforced Spher i ca l and Ova l Shells (2, 3):

In the spherica l shell inves t igat ion, s tudies of the s tate of
stress in a shallow spherica l shell containing an asymmetricall y loca ted
stiffened circular hole subjected to an arbitraril y loca ted concent ra ted
l oad were performed with two aspects in mind (2, 3). The first was the

I nvestigation of the effect of a stiffening ring on the stresses in the

vicinI ty of the hole when the shell is undergoing severe deformation

due to an eccentricall y applied concentrated load. In the second , the

I nteraction of the hole with the Outer boundary was stud i ed for cases

where the hole Is located near the outer edge. For this case, the hole

is placed close enough to the outer edge so that the perturbed stress

field due to the hole is not fully decayed before it reaches the outer

boundary. Consequently, there is an interaction between the two boundaries.

In treating thIs problem , the boundary conditions were satisfied exactl y

at the hole boundary while the outer edge conditions were satisfied

using the least square point match i ng method. Numerica l results were

presented and showed the effect of vary Ing the ring s t iffness parameters ,
load location , and hole location.

In the area of research i nvolved with buckl i ng of reinforced

noncircular cy l indrica l shells compressed by axial forces in the presence

of interna l or externa l pressure some results have been found. The

reinforcements considered i nc ludes rings and/or s tringers p laced e ither
Ins ide or outside of the shell. The shell in question Is finite in

length and , thus, the influence of various types of end supports was
inve stigated . To date, a parametric study has almos t been accomplished.
The work includes the cases of reinforced shel ls ,  with or without lateral 

-
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pressure , for the types of simp le suppor ts known as S2 and 54,
the clamped supports of classes CI and C4, and the cases of rein-
forced shells with similar edge conditions but without lateral pressure.

V ibrat ion of Ova l Rings (4, 5, 6):
As a pre lude to studies of the vibrat ion characteristics of

nonc ircular cy lindrica l shells , research was performed on the free
and forced vibra tion of ova l rings vibrating in their plane of curvature .

This work determ ined the response of Ova l rings of varying eccentricity

for several types of applied loading conditions. As anticipated , it

was found that the magnitude as well as the freq uency of oscillation of

the deflection is dependent upon the ring eccentricity. In addition,

the dependence of the deflection upon circumferential pos it ion was shown

to be related to the loca l radius of curvature . Other results inc l uded

the determ i nation of the resonance frequencies of the ring as well as

the exis tence of a double resonance “peak” observed via the class ic

“beat” phenomenon.

Vibra tions of Oval Cyl i ndrical Shells (7, 9, 10):

The free vibra t ion of an ova l cy lindr i cal shell of f init e length
was investigated with the aid of the kinematic relations of the first-

order shell theory of Sanders (7). These relations are readily reducible

to those of the Donnell-type of shell theory via a trac i ng constant k5
In—pla ne inertia was reta i ned throughout the ana l ys is. A method i ncorp-

orating a type of elgenfunctlon expansion into Hamilton ’s pr inc ip le,
su itable for the present class of problems , was develope d , and judged
to be far more convenien t than a parallel Fourier ana l ysis.

In addi tion to the determ i nation of the natura l frequencies and

deformation characteristics, attent ion was focused on the infl uence of
vario us types of simp le support and clamped cond i tIons enforced at the

edge s of the shell. Two modes of deformation , correspond ing to a
“higher ” and a “lower” frequency were observed to exist for every pair
of axial and circumferent ial wave numbers , depend i ng upon the degree of

circumferential syi~netry In the deformed pattern .

• •- -• •.—~~~~4 • ~~~~~~~~~~~~~~~ - •
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These studies have also been extended to dea l with (but not

restricted to) the free vibration problem of unsupported noricircular

cy linders (9). The required modification Included the enforcement of

the edge conditions at the free ends of a finite cylindrica l shell whlch

are unsatisfied by the moda l functions owing to the presence of the

var iable curvature terms. Such conditions were posed as additiona l

constraints by way of the well-known formalism of Lagrange multipliers .

In addition , i t was found that the Inc l usion of the lowest modes, cortr,only

approximated by the Ray le igh-Love modes, was essential to the complete-

ness of the eigen— function representation . The validity of the proposed

procedure of anal ys i s was i ll ustra ted by its app lication to the solution

of the free vibra tion problem of ova l cy lindr ica l shells with free ends.

Wi th regard to rela ted experimental stud i es , beca use of the
complex behavior of the variable curvature cylinder undergoing vibrations ,

difficul ties developed in the procedures for detecting hig h frequency

displacement patterns. The attempt to use a speckle pattern inter-

ferometr i c method to observe d isp lacements in rea l time and to obtain

photographs of the wave shapes in this manner has turned out to be more

d ifficult than was anticipated. A moir4 method of the detection and

observa ti on is now being adapted , and it is hoped that this technique

w i l l  serve to accomplish the desired determ i nation of vibration character-

is ti cs of ova l cy li ndrica l shells.
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Reports and Publications (January 1974— December 1976):

I. Kempner , Joseph , and Chen, Youl—N an : Buckling and Initial Postbuckling
of Ova l Cyl ind r i cal Shel ls Under Comb ined Ax i al Compress i on and
Bending. Transactions of the New York Academy of Sciences, Series E,
Vol . 36, No. 11, pp. 171-1 91 , February 1974; also , authors each
awarded the I. B. Laskowitz Gold Meda l for “Research in Aerospace Engi-
neering Sciences , Support Systems . and Components ” by the New York
Academy of Sc ien ces , at the Academy ’s Annua l Meeting on December 6,
1973 held at the Museum of Natura l History.

2. Pifko , Alla n B.: Ana l ysis of a Shallow Spher ica l Shell Conta ining an
Asytm~etrica l1 y Located Ring Stiffened Circular Hole. Dissertation
for degree Ph.D. (App i. Mech.), June 1974.

3. Pifko , A. and Goldberg, M. A.: Ana l ysis of a Ring Reinforced Shallow
Spherica l Shell Subjected to an Eccentrica ll y Located Concentrated
Load. Presented at the University of New Brunswick , Fredericton ,
New Brunswick , Canada , on May 29, 1975. Also , Proc. of Fif th Congress
of Appl i ed Mechan ics , Fredericton , New Brunswick , Canada ; formerl y
POLY-AE/AM Report No. 74-5.

4. Yetman , W illiam, Jr.: Dynamic Response of an Ova l Ring. Thesis for
the degree M. S. (Appl. Mech,), Polytechnic Institute of New York ,
June 1975.

5. Se lsk y, Gary M.: Free Vibration of an Ova l Ring. Thesis for the
degree M. S. (App l . Mech.), Pol ytechnic Institute of New York,
June 1975.

6. Chen, V. N. and Yetman , W. R., Jr.: Dynamic Response of an Ova l
Ri ng. POLY-AE/AIl Report No. 75—9, July 1975; AFOSR-TR-75-l534.

7. Chen , V. N. and Kempner , Joseph : Modal Method for Free Vibration
of Ova l Cylindr i ca l Shells with Simply Supported or Clamped Ends.
POLY-AE/AM Report No. 75—14, Augus t 1975 ; AFOSR—TR-76—1 067.

8. Chen, V. N. and Kempner , Joseph: Buckl i ng of Ova l Cy lindr i ca l Shells
Under Compression and Asyimietric Bending. A IAA Journ., Vol . 14,
No. 9, September 1976 , pp. 1235-1240 ; formerly POLY-AE/AM Report
No. 75-7.

9. Chen , V. N. and Kempr,er , Joseph : Modal Method for Free Vibration
of Finite Ova l Cy l indr i ca l Shell wi th Free Ends. POLY-M/AE
Report No. 76-I, September 1976; AFOSR-TR-76-l203.

10. Kempner . Joseph : Buckling and Vibrations of Nonc i rcular Cy lindrica l
Shells , Invited talk to be presented at the Eng i neering Section
Mee ti ng of the New York Academy of Sci ences , A pril 13, 1977.
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Reports and Publications (l958—191:~~~

I. Petal, Shared A. and Pandalal, K.A.V.: TorsIon of Cylindrica l and

Prismatic Bars in the Presence of Prima ry Creep. PIBA L Report No. Ii17,

Apri l 1958. (AFOSR TN 58—303, AD 151i. 213).

2. Kempner, Joseph; Partdalal, K.A.V.; Pate!, Sharad A. and French, Francis
V.: Investigation of Plates and Shells under External Loading and

Elevated Temperatures. PIBA L Report No. 481, Technical Suir~nary
Report for AFOSR Mechan ics Branch—Contractor MeetIng, October 1958.

3. Radok, J.R.M.: On Asymptotic Numerica l Methods for Parabolic Equations.
PIBA L Report No. 1i85, November 1958. (AFOSR TN 58—1072, AD 207 24 1).

~~. Pandala l, K.A.V. and Patel, Sharad A.: Stress Distribut i on In Multi-

Cellular Torque 8o~es Due to Primary and Secondary Creep. PIBA L Report

No. 480, December 1958. (AF OSR TN 58—1074, AD 207 243).

5. Petal, Sharad A. and Pandalal, K.A.V.: Stress Dlstributlcn in Beams of

Thin—Wailed Sect ions in the Presence of Cret~p. PIBAL Report No. 1486,
February 1959. (AFOSR TN 59-1714, AD 21 1 3114).

6. Pandalal, K.A.V. and Patel, Sharad A.: A Note on Shear Centers of
Thin—Walled Closed Sections in the Presence of Creep . PIBAL Report
No. 1i87, February 1959. (AFOSR TN 59—190, AD 211 3) 1). -

7. Radok, J.R.tt. and Wang, K.: High Order Correct Differ ence Schemes for
NuItl—D knensiona l Parabolic Equations. PIBA L Report No. 1492, March
1959. (AFOSR TN 59—329, AD 213 676).

8. Patei, Sharad A. and Venkatraman, B.: Creep Behavior of Coluwns. PIBAL.

Report No. 1422, May 1959. (AFOSR TN 59—530, AD 2 16 537) .
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9. French, Francis V. and Patel, Sharad A.: .Creep Buckling of Cylindrica l

Shells Subjected to Uniform Axial Compression . PIBA L Report No. Ie89,

May 3959. (AFOSR TN 59-538, AD 215 555). 
-

10. French, Francis William, Jr.: Creep Buckling of Thin Circular Cy l indri-

cat Shells. Dissertation for the Degree of Doctor of Aeronautical

Engineering, Polytechnic Institute of Brooklyn, June 1959.

11. Pohie, F.V.; Lardner,T.J. and French, F.W.: Temperature Distribution
and Thermal Stresses In Structures with Contact Resi stance. PIBAL

Report No. 557, March 1960. (AFOSR TN 6O—~O1i.).

12. Kesipner, Joseph: Unified Thin—Shell Theory. PIBA L Report No. ~66.
• Presented at a Symposium on the Mechanics of Plates and Shells,

Polytechnic Institute of Brooklyn, March 9—11, 1960.

13. Petal, Sharad A. and Venkatraman, B.: Creep Bending of Annular Plates.
NBAL Report No. 559, Slay 3960. (AFOSR TN 60—528).

Ili. Pate), Sharad A.; Pandalal, K.A.V. and Venkatraman, B.: Creep Stress

Analysis of Thin—Walled Structures. Jour. Ro’,. Aero. Soc., Vol. 61i,

No. 599, Nov. 1960,p p. 673—682; formerly PIBA L Report No. 1497.

- 15. Sankaranarayanan, R.: A Note on the Impact Pressure Load ng of a
Rigid Plastic Spherica l Shell. Reader~s Forum, Jour. Aero./Space

Sot., Vol. 28, No. 1, Jan. 1961, pp. 77—78; formerly PIBA L Rep. No. ~61;..

16. Lardner, Thomas J. and Pohie, Frederick V.: Application of Blot s

Variational Principle En Heat Conduction. PIBAL. Report No. 587,

May 1961. (AFOSR 932).
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17. Herman, R. arid Radok, J.R.M.: High-Order Difference Schemes for
Anisotrapic Parabolic Equations. ZA ttl, Band 41, Heft 6, JunI 1961;
formerly PIBA L Rep. No. 581.

18. Lardner, Thomas J. and Pohie, Frederick V.: A Note on the Application
of the Heat Balance Integra l to Problems of Non-Planar Geometry.
Jour. of Appi. ilech., Vol. 28, No. 2, June 196 1, pp. 310—312; formerly

• PIBA L Rep. No. 585. . 

•

19. Lardner, Thomas J.: Blot ’s Variational Ptincfpie in Heat Conduction.
Dissertation for the Ph.D. (Applied Mechanics), Polytechnic Institute
of Brooklyn, June 1961. -

20. Lardner, Thomas J. and Pohie, Frederick V.: Blot’s Variational Princi ple
En Heat Conduction. PIBA L Report No. 595, July 1~6I. (AFOSR 1275).

21. Patel, S.A. and Venkatraman, B.: On the Creep Stress Analysis of Sc~r.e
Structures. Presented at Colloquium on Creep in Structures for m t .
UnIo&on Theoretical and Applied Mechanics, Stanford UnIv., Calif.,
July 11—16, 3960; Springer—Verlag, Berlin, 1962, pp. 141—61;; formerly
PIBAL Rep. No. 560. -

22. Kempner, Joseph: Fina l Report——investigation of Plates and Shells
wider E~cterna1 Loading and Elevated Temperatures. PIBAL Rep. No. 599
(AF0SR 2280), Feb. .1962.

23. Petal, Sharad A. and Venkatraman, B.: Creep Bending of Compressible
Plates. hit. Jour. Mach. Sd ., Pergamon Press Ltd., Vol. 14, 1962,
pp. 137-1146; formerly PIC3AL Rep. No. 590.

214. Allentuch, Arnold: Stress Analysis of Reinforced Cylindrica l Shells.
Dlssertatjon for the Ph.D. (Applied Mechanics), Polytechnic Institute
of Brooklyn, June 1962.
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25. CozzareIll, F.A.; Venkatramari, B. and Patel, Shared A.: A Creep Law
to Account for MaterIaI~Co*içress1bIIIty. PIBA L Rep. No. 656 (AFOSR 3005),

• July 1962.

26. Kempner, Joseph: Some Results on Buckling and Postbuckllng of Cyfln—

dricel Shells. PIBAL Rep. No. 659. Prepared for the NASA Symposium
on Instabtflty of Shell Structures, Langley Research Center, Oct.
214—25, 1962; appears in “Collected Papers on InstabilIty of Shell
Structures 1962”, NASA TND—l5lO, December 1962, pp. 173.186.

27. Venkatraman, B. and Petal, Shared A.: Creep Analysis of Annular Plates.
Jour. Franklin Inst., Vol. 275, No. 1, January 1963, pp. 13-23;
formerly PIBA L Rep. No. 588. 

-

• - 28. Lardner, T.J.: Blot’s Variational Principle In Heat Conduction. AIM
Jour., Vol. 1, No. 1, January 1963, pp. 196—206; based upon PIBA L Rep.
Nos 587 and 595.

29. !atel, Shared A.; CozzarelII, F.A. and Venkatraman, B.: Creep of
Comp ressible Circular Plates. hit. J. Mach. Sot., Vol. 5, February
1963, pp. 77—85, Pergamon Press Ltd.; formerly PI13A L Rep. Has 656 and
6,7.

30. Sankaranarayanan, R.: On the Dynamics of Plastic Spherical Shells.
Jour. Appi. Mach., Trans. ASI4E, Series E, Vol. 30, No. 1, March 1963,
pp. 87—90; formerly PIBA L Rep. No. 580.

-31. Kempner, Joseph: Fina l Report for 1962—-investigatIon of Plates and
Shells under External Loading and Elevated Temperatures. PIBA L Rep.

• No. 66k,, Apr. 1963.



32. Kençner, Joseph: Final Report for 1963-—Investigation of Plates and

Shel ls under External Loading and- Elevated Temperatures. PIBAL Rep.

No. 692, hay 19614.

33. Bentscn, James: Approximate Solutions of Creep of Circular Plates.

• Thesis for M.S. (Applied Mechan~cs), Polytechnic Institute of Brooklyn ,

June 19634. 
- -

314. Blrnbaum, Michael Robert: On the Creep of Annular Plates. Thesis for
the Degree M.S. (Applied Mechanics), Polytechnic Institute of Brooklyn,
June 1994.

• 35. Brady, Kevin J.: Supported Ring—Relnforced .Cyllndrl cal Shells under
Concentrated Forces and Moments Applied to the Ring. Thesis for

• the Degree M.S..(Applled Mechanics), Polytechnic Institute of Brooklyn,
June 1991.. -

36. Chen, Youl -Nan: Buckling and Postbuckflng of an Oval Cylindrica l
Shell under Axial Compression. Dissertation for the Ph.D. (Applied
tl’~chanics), Polytechnic Institute of Brooklyn, June 19614.

37. Cozzarelll, Francis Anthony: Creep Analysis of Plates and Shells.
Dissertation for the Degree Ph.D. (Applted Mechanics), Polytechnic
Institute of .irooklyn, June 19611.

38. Cozzarelli, F.A. and Patel, Shared A.: Creep Deformations in Membrane
Shells. J. Franklin Inst., Vol. 277, No. 7, July 19611, pp. 145—60;
formerly PIBA L Rep. No. 672.



39. Garnet, Hymen and Kempner, Joseph: Axisymmetric Free Vibrations of
Conical Shells. Presented at the Summer Conf. of Appi. Mech. Div.,
ASME, Boulder Cob ., June 9—Il, 1964; Jour. Appi. Mach., Trans. ASME,
Series E, Vol. 31, No. .3, Sept. 1964; pp. 458—466. This work is based
upon the Ph.D. (Apple Mech.) dissertation of Dr. Garnet; while It

- was not performed on any contract, It is closely related to the present
work.

40. •Venkatraman, B.; Patel, Shared A. and Blrnbaum, Michael R.: A Further
Note on the Creep Analysis of Annular Plates. Jour. franklin Inst.,
Vol . 278, No. 4, Oct. 1964, pp. 248—255; also PIBAL Rep. No. 695,
AFOSR Scientific Report No. AFOSR 64—1039, May 1364.

41. Kempner, Joseph: Large Deflections of Cylindrical Shells, invited
talk presented at Colloquium of Dept. of Aerospace Engrg., university
of CIncinnati, Mar. 3, 1965; based on PIBAL Rep. No. 694 and later re-
sults. • • 

-

42. Kempner, Joseph: Investigation of Plates and Shells under External
Loading and Elevated Temperatures—Flnai Report for 1964, PIBAL-Rep .
No. 902, March 3965. -

‘ 

-- 
-
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• 43. Kempner, Joseph: Postbuckling of Cylindrica l Shells. Invited talk —

presented at Mechanical Engineering——Engineering Science Seminar,
Rutgers University, May 10, 1965; based on PIBA L Rep. No. 694 and
later results.

44. Lardner, Thomas J.: Approximate Heat Conduction Solutions for Non—Planar
Geometries. ASME, Jour. Heat Transfer, Vol. 87, SerIes C, No. 3, Aug.

• 1965, pp. 423—1425; formerly PIBA L Rep. No. 665.
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